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1. Introduction
One of the theorems that has been more frequently applied to different areas of mathematics is
Chevalley–Warning’s theorem. Chevalley–Warning’s theorem states the following: if the number of
variables of a polynomial over a ﬁnite ﬁeld of characteristic p exceeds its degree, then the number
of solutions of the polynomial is a multiple of p. In [3], Ax proved that the number of solutions of a
polynomial in n-variables over a ﬁnite ﬁeld Fq is divisible by
q
n
d −1,
where d is the degree of the polynomial. Later, Katz generalized Ax’s theorem to systems of polyno-
mial equations: Let F1, . . . , Ft be polynomials in n-variables over Fq of degrees d1, . . . ,dt , respectively.
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is divisible by
q
 n−
∑t
i=1 di
maxi di

.
In [1], Adolphson and Sperber used Newton’s polyhedra to improve Ax–Katz’s result on the divisi-
bility of the number of solutions of a system of polynomial equations by improving the divisibility of
exponential sums. In [11], using the ground ﬁeld method, Moreno and Moreno gave an estimate for
the divisibility of the number of solutions for a system of polynomial equations that, in many cases,
improves Adolphson–Sperber’s result when the degree of the polynomial is greater than the character-
istic of the ﬁnite ﬁeld. Given an integer, m = a0 + a1p + · · · + al pl , where ai ∈ {0,1, . . . , p − 1}, we de-
note its p-weight by σp(m) =∑li=0 ai . For a monomial Xd = Xd11 · · · Xdnn , the p-weight degree wp(Xd)
is deﬁned by
∑n
i=1 σp(di). The p-weight degree wp(F ) of a polynomial F (X1, . . . , Xn) =
∑
adXd is
deﬁned by maxad =0 wp(Xd). Moreno–Moreno’s theorem for systems of polynomial equations states
the following:
Theorem 1. Let F1, . . . , Ft be polynomials in n-variables over Fp f of p-weight degrees l1, . . . , lt , respectively.
Then the number of solutions N(F1, . . . , Ft) of the system of polynomial equations F1 = 0, . . . , Ft = 0 is
divisible by
p
 f ( n−
∑t
i=1 li
maxi li
)
.
We think of Moreno–Moreno’s result as a p-adic version of Ax–Katz’s result.
In [14], the authors introduced the p-weight degree of a polynomial with respect to a variable to
improve Theorem 1 in certain cases. Recently, in [2], Adolphson and Sperber obtained a reﬁned ver-
sion of their theorem producing better divisibility estimates for exponential sums and hence getting
better divisibility for the number of solutions of polynomial equations over ﬁnite ﬁelds.
Recently in [6,7], Cao obtained a partial improvement to Ax–Katz’s result. Cao deﬁned the degree of
a polynomial relative to a subset of variables. Before we state Cao’s result, we need some deﬁnitions
and notation. Let A ⊆ {1, . . . ,n} be a nonempty subset. For any monomial Xd = Xd11 · · · Xdnn , deﬁne
degA(X
d) =∑i∈A di . For a polynomial F (X) =∑d adXd , deﬁne degA(F ) = maxad =0 degA(Xd). Now we
state Cao’s improvement to Ax–Katz’s theorem:
Theorem 2. Let F1, . . . , Ft be polynomials over Fq, then the number of solutions N(F1, . . . , Ft) of the system
of polynomial equations F1 = 0, . . . , Ft = 0 is divisible by
q
 |A|−
∑t
i=1 degA (Fi )
maxi degA (Fi )

,
where degA(Fi) > 0 for any i.
In this work, motivated by Cao’s deﬁnition of the degree of a polynomial with respect to a subset of
variables, we deﬁne the p-weight degree with respect to a subset A of {1, . . . ,n}. Using this deﬁnition,
we improve Theorem 1 and the results of Section 4.4 in [14]. Also, we improve and generalize the
main result of [15] for general diagonal equations. We think of our result as a p-adic version of Cao’s
result [6,7].
Another recent result on the number of solutions is due Heath-Brown [10]. He obtained an im-
proved lower bound for the number of solutions of a system of polynomial equations with at least
one solution whenever the number of variables is greater than the total degree of the system.
Divisibility of exponential sums has been used in coding theory and cryptography to characterize
and prove some of their properties (see [17,13,16,8]). In [11,12], Moreno and Moreno provided an
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result in certain cases. Now, we state Moreno–Moreno’s result for exponential sums:
Theorem 3. Let F (X1, . . . , Xn) be a polynomial over Fp f and let ψ be a nontrivial additive character of Fp f . If
the p-weight degree of F (X1, . . . , Xn) is l, then p
nf
l divides the exponential sum associated to F (X1, . . . , Xn)
and ψ .
In [9], the authors gave an elementary proof of Theorem 3. In this paper, we give an improvement
to this theorem.
2. Preliminaries
Let F (X1, . . . , Xn) =∑Ni=1 ai Xd1i1 · · · Xdnin be a polynomial in the variables X1, . . . , Xn over Fp f .
Let Qp be the p-adic ﬁeld with ring of integers Zp , and let K be the extension over Qp obtained
by adjoining a primitive (p f − 1)th root of unity in Qp , the algebraic closure of Qp . The residue class
ﬁeld is isomorphic to Fp f . Let T denote the Teichmüller representatives of Fp f in K. Denote by ξ a
primitive pth root of unity in Qp . Let θ = 1 − ξ and deﬁne ordθ as ordθ (S) = m if S = θmα with α
not divisible by θ . Note that ordθ (p) = p − 1 and ordp(S) = ordθ (S)p−1 .
Let ψ : Fp f → Q(ξ) be a nontrivial additive character. The exponential sum associated to F is
deﬁned as follows:
S(F ) =
∑
x1,...,xn∈Fp f
ψ
(
F (x1, . . . , xn)
)
.
The next theorem [14] gives a bound for the valuation of an exponential sum with respect to θ .
Theorem 4. Let F (X1, . . . , Xn) =∑Ni=1 ai Xd1i1 · · · Xdnin , ai = 0. If S(F ) is the exponential sum
S(F ) =
∑
x1,...,xn∈Fp f
ψ
(
F (x1, . . . , xn)
)
, (1)
then ordθ (S(F )) L, where
L = min
( j1,..., jN )
{
N∑
i=1
σp( ji) + f (p − 1)s
∣∣∣ 0 ji < p f
}
, (2)
for ( j1, . . . , jN) a solution to the system⎧⎪⎨
⎪⎩
d11 j1 + d12 j2 + · · · + d1N jN ≡ 0 mod p f − 1
...
dn1 j1 + dn2 j2 + · · · + dnN jN ≡ 0 mod p f − 1,
(3)
and s is the number of expressions in (3) that are equal to zero.
In [14], the authors proved that to compute L, we can assume that s = 0 whenever F (X1, . . . , Xn) /∈
Fp f [X1, . . . , Xm] for m < n. We will assume throughout the paper that F is not a polynomial in some
proper subset of the variables X1, . . . , Xn . Note that if F (X1, . . . , Xn) = G(X1, . . . , Xm) for m < n, then
S(F ) = p f (n−m)S(G).
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N(F1, . . . , Ft) of the system polynomial equations F1(X1, . . . , Xn)=0, . . . , Ft(X1, . . . , Xn)=0 over Fp f :
N(F1, . . . , Ft) = 1
pt f
∑
y1,...,yt∈Fp f
x1,...,xn∈Fp f
ψ
(
t∑
i=1
yi Fi(x1, . . . , xn)
)
. (4)
3. Improvement to Moreno–Moreno’s theorem for exponential sums
In this section we introduce the p-weight degree for a polynomial with respect to a set A. Using
this, we improve Theorem 3 and all the theorems in Section 4.4 of [14].
Deﬁnition 5. Let A ⊆ {1, . . . ,n} be a nonempty set. For any monomial Xd = Xd11 Xd22 · · · Xdnn , de-
ﬁne the p-weight degree of Xd with respect to A as wp,A(Xd) = ∑i∈A σp(di). For a polyno-
mial F (X1, . . . , Xn) = ∑ad adXd deﬁne the p-weight degree of F with respect to A as wp,A(F ) =
maxad =0 wp,A(Xd).
When A = {1, . . . ,n}, Deﬁnition 5 corresponds to the p-weight degree. This deﬁnition generalizes
the deﬁnition of the p-weight degree in [11] and [14].
Example 1. Let F (X1, . . . , X4) = X31 X52 + X93 X154 be a polynomial over F2 f .
• If A = {1, . . . ,4}, then the p-weight degree of F is 6.
• If A = {1,2,3}, then the p-weight degree of F with respect to A is w2,A(F ) = 4 since
w2,A(X31 X
5
2) = σ2(3) + σ2(5) = 4 and w2,A(X93 X155 ) = σ2(9) = 2.
• If A = {1,3}, then the p-weight degree of F with respect to A is w2,A(F ) = 2 since w2,A(X31 X52) =
σ2(3) = 2 and w2,A(X93 X155 ) = σ2(9) = 2.
• If A = {1}, then the p-weight degree of F with respect to A is degA(F ) = 2 since w2,A(X31 X52) =
σ2(3) = 2 and w2,A(X93 X155 ) = 0.
In this example the smallest p-weight degree with respect to a subset A of {1, . . . ,n} is 2 for any
A = { }.
Note that all polynomials F considered in this paper have the property that wp,A(F ) > 0, since
F is not in Fp f [X1, . . . , Xm] for m < n and A = { }. Now we apply our result (Theorem 6) to the
exponential sum associated to F of Example 1.
Example 2. Let F (X1, . . . , X4) = X31 X52 + X93 X154 be a polynomial over F2 f .
• If A = {1, . . . ,4}, then Theorem 3 implies that 2 f /6 divides S(F ).
• If A = {1,2,3}, then 2 f /4 divides S(F ).
• If A = {1,3} or {2,3}, then 2 f divides S(F ).
• If A = {1}, then 2 f /2 divides S(F ).
Hence, the best divisibility obtained for S(F ) using this method occurs when A = {1,3}.
Theorem 6. Let A ⊆ {1, . . . ,n} be a nonempty subset. Let F (X1, . . . , Xn) be a polynomial over Fp f . Then p
μ
p−1
divides S(F ), where μ is the smallest integer satisfying
μ (p − 1) f
( |A|
w (F )
)
.p,A
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1, . . . ,N . Then the system of modular equations associated to F is as follows:
d11 j1 + · · · + dN1 jN ≡ 0 mod p f − 1,
d12 j1 + · · · + dN2 jN ≡ 0 mod p f − 1,
...
d1n j1 + · · · + dNn jN ≡ 0 mod p f − 1. (5)
Applying σp to the above system of modular equations we obtain
σp(d11)σp( j1) + · · · + σp(dN1)σp( jN) f (p − 1),
σp(d12)σp( j1) + · · · + σp(dN2)σp( jN) f (p − 1),
...
σp(d1n)σp( j1) + · · · + σp(dNn)σp( jN) f (p − 1). (6)
Without loss of generality, we can assume A = {1,2, . . . , r}. Then adding the ﬁrst r modular equations,
we obtain
(
σp(d11) + · · · + σp(d1r)
)
σp( j1) + · · · +
(
σp(dN1) + · · · + σp(dNr)
)
σp( jN) r(p − 1) f .
Note that σp(di1) + · · · + σp(dir) wp,A(F ) for i = 1, . . . ,N . Therefore
σp( j1) + · · · + σp( jN) r(p − 1) f
wp,A(F )
.
Hence, by Theorem 4, we have that ordθ (S(F )) r(p−1) fwp,A(F ) and the result follows. 
Now, we present a family of polynomials where the estimate given by Theorem 6 is attained.
Example 3. Let F (X, Y ) = aX p+1Y p+1 +bX p+1Y p2+p+1 +cX +dY over Fp2 f , where ab = 0. Theorem 6
implies that p f divides S(F ). It is not diﬃcult to prove that the system of modular equations asso-
ciated to F has only two minimal solutions where the minimum value L = (p−1) f2 is attained. This
implies that
ordp
(
S(F )
){= f if a p2 f −1p+1 + a p(p2 f −1)p+1 ≡ 0 mod p,
 f + 1 otherwise.
In particular,
• if p = 2, we have that 2 f+1 divides S(X3Y 3 + bX3Y 7 + cX + dY );
• if p is odd, we have that ordp(S(X3Y 3 + bX3Y 7 + cX + dY )) = f . For this family of exponential
sums Theorem 6 is tight.
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In this section using the p-weight degree of a polynomial with respect to a subset of variables, we
give an improvement to Theorem 1. Let F1(X1, . . . , Xn), . . . , Ft(X1, . . . , Xn) be polynomials over Fp f .
Theorem 7. Let A ⊆ {1, . . . ,n} be a nonempty subset. Let
F1(X1, . . . , Xn), . . . , Ft(X1, . . . , Xn)
be polynomials over Fp f . Then p
μ divides N(F1, . . . , Ft) where μ is the smallest integer satisfying
μ
⌈
f
( |A| −∑ti=1 wp,A(Fi)
maxi wp,A(Fi)
)⌉
.
Proof. Let Fi(X) = a1iXd1i + · · · + aNi iXdNi i be a polynomial over Fp f for i = 1, . . . , t , where d ji =
(d j1i, . . . ,d jni) for j = 1, . . . ,Ni , i = 1, . . . , t . Then, the system of modular equations associated to
y1F1 + · · · + yt Ft is:
d111 j11 + d211 j21 + · · · + dNt1t jNtt ≡ 0 mod p f − 1,
d121 j11 + d221 j21 + · · · + dNt2t jNtt ≡ 0 mod p f − 1,
...
d1n1 j11 + d2n1 j21 + · · · + dNtnt jNtt ≡ 0 mod p f − 1,
j11 + · · · + jN11 ≡ 0 mod p f − 1,
...
j1t + · · · + jNtt ≡ 0 mod p f − 1. (7)
In this notation, the variable jmk corresponds to the mth monomial of the polynomial Fk . Applying σp
to the above system of modular equations, we obtain
σp(d111)σp( j11) + · · · + σp(dNt1t)σp( jNtt) f (p − 1),
σp(d121)σp( j11) + · · · + σp(dNt2t)σp( jNtt) f (p − 1),
...
σp(d1n1)σp( j11) + · · · + σp(dNtnt)σp( jNtt) f (p − 1),
σp( j11) + · · · + σp( jN11) f (p − 1),
...
σp( j1t) + · · · + σp( jNtt) f (p − 1). (8)
Without loss of generality, we can assume A = {1, . . . , r}. Now we add the ﬁrst r modular equations
of (8) to obtain
(
σp(d111) + · · · + σp(d1r1)
)
σp( j11) + · · · +
(
σp(dNt1t) + · · · + σp(dNtrt)
)
σp( jNtt) r(p − 1) f .
Note that σp(dk1i) + · · · + σp(dkri) wp,A(Fi) for k = 1, . . . ,Ni , i = 1, . . . , t . Therefore,
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(
σp( j11) + · · · + σp( jN11)
)+ · · · + wp,A(Ft)(σp( j1t) + · · · + σp,A( jNtt))

(
σp(d111) + · · · + σp(d1r1)
)
σp( j11) + · · · +
(
σp(dNt1t) + · · · + σp(dNtrt)
)
σp( jNtt)
 r(p − 1) f .
Hence
wp,A(F1)
(
σp( j11) + · · · + σp( jN11)
)+ · · · + wp,A(Ft)(σp( j1t) + · · · + σp,A( jNtt))
 r(p − 1) f . (9)
Without loss of generality we can assume wp,A(F1)  · · ·  wp,A(Ft). Now we add the following
to (9) (
wp,A(F1) − wp,A(Fi)
)(
σp( j1i) + · · ·σp( jNi i)
)

(
wp,A(F1) − wp,A(Fi)
)
(p − 1) f
for i = 2, . . . , t to obtain
wp,A(F1)
(
σp( j11) + +· · · + σp( jN11)
)+ wp,A(F1)(σp( j12) + · · · + σp( jN22))+ · · ·
+ wp,A(F1)
(
σp( j1t) + · · · + σp,A( jNtt)
)
 (p − 1) f
[
r +
t∑
i=2
(
wp,A(F1) − wp,A(Fi)
)]
.
Dividing both sides by wp,A(F1), we obtain:
σp( j11) + · · · + σp( jNtt) (p − 1) f
(
r +∑ti=2(wp,A(F1) − wp,A(Fi))
wp,A(F1)
)
.
Hence, by Theorem 4 we have that
ordθ
(
S
(
t∑
i=1
yi Fi
))
 (p − 1) f
(
r +∑ti=2(wp,A(F1) − wp,A(Fi))
wp,A(F1)
)
and the result follows. 
Now, we present a family of polynomials where the estimate given by Theorem 7 is attained.
Example 4. Let F (X1, . . . , X6) = a1Xp+11 Xp+12 + a2Xp+11 Xp
2+p+1
2 + a3Xp+13 Xp+14 + a4Xp+13 Xp
2+p+1
4 +
a5X
p+1
5 X
p+1
6 + a6Xp+15 Xp
2+p+1
6 + G over Fp2 f , where a1a3a5 = 0 and w2(G) 1. Theorem 7 implies
that p f divides N(F ). It is not diﬃcult to prove that the system of modular equations associated to F
has only two minimal solutions, where the minimum value L = 3(p − 1) f is attained. This implies
that
ordp
(
S(F )
){= f if a + ap ≡ 0 mod p, where a = (a1a3a5) p2 f −1p+1 ,
 f + 1 otherwise.
In particular,
• if p = 2, we have that 2 f+1 divides N(F ) when a1 = a3 = a5 = 1;
• if p is odd, we have that ordp(N(F )) = f when a1 = a2 = a3 = 1. In this case Theorem 7 is tight.
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In this section, we apply our techniques to the so-called general diagonal equation to obtain a
p-adic version of Cao’s result [7]. Let F (X1, . . . , Xn) =∑ni=1 ai Xdii be a diagonal equation over Fp f .
In [15], the authors gave a p-adic estimate for the p-divisibility of the number of solutions N(F )
of F . They proved that pμ divides N(F ) where μ is the smallest integer satisfying μ f ( 1σp(d1) +· · ·+
1
σp(dn)
−1). The argument of the proof of Theorem 10 in [15] implies that pμ divides N(F +G), where
G is a polynomial of p-weight degree smaller than mini σp(di) and μ f ( 1σp(d1) + · · · + 1σp(dn) − 1).
We will give an estimate of the p-divisibility of number of solutions of a polynomial of the type
F (X1, . . . , Xn) = Xd11 F1(Xm+1, . . . , Xn) + · · · + Xdmm Fm(Xm+1, . . . , Xn) + α. This is a p-adic version of
Theorem 6 in [6].
Theorem 8. Let
F (X1, . . . , Xn) = Xd11 F1(Xm+1, . . . , Xn) + · · · + Xdmm Fm(Xm+1, . . . , Xn) + α
be a polynomial over Fp f . Then p
μ divides the number of solutions of F , where μ is the smallest integer
satisfying
μ f
(
1
σp(d1)
+ · · · + 1
σp(dm)
− 1
)
.
Proof. The modular equations associated to the variables X1, . . . , Xm of F are:
d1 j1 ≡ 0 mod p f − 1,
...
dm jm ≡ 0 mod p f − 1.
Applying σp to the m modular equations, we obtain
σp(d1)σp( j1) f (p − 1),
...
σp(dm)σ( jm) f (p − 1). (10)
The above system is equivalent to:
σp( j1)
f (p − 1)
σp(d1)
,
...
σp( jm)
f (p − 1)
σp(dm)
. (11)
Now adding the inequalities (11), we obtain that
L  σp( j1) + · · · + σp( jm) f (p − 1)
(
1
σp(d1)
+ · · · + 1
σp(dm)
− 1
)
,
where L is deﬁned in Theorem 4. This completes the proof. 
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F (X1, . . . , Xn) =
N∑
i=1
ai X
di1
i1 · · · X
dini
ini
+ α
over Fp f , where ai = 0 and
∑N
i=1 ni = n. They proved that the number of solutions of F is equal to
the number of solutions of
Fˆ (X1, . . . , Xn) =
N∑
i=1
ai(Xi1 · · · Xini )di + α
over Fp f , where di = gcd(di1, . . . ,dini , p f − 1). We use this result to give an improvement to the
results of [15].
Corollary 9. Let F (X1, . . . , Xn) =∑Ni=1 ai Xdi1i1 · · · Xdiniini + α over Fp f , where ai = 0 and ∑Ni=1 ni = n. Then
the number of solutions N(F ) of F is divisible by pμ where μ is the smallest integer satisfying
μ f
(
1
σp(d1)
+ · · · + 1
σp(dN)
− 1
)
,
where di = gcd(di1, . . . ,dini , p f − 1).
Proof. The proof is similar to the proof of Theorem 8 using that N(F ) = N( Fˆ ) and taking A =
{n1, . . . ,nN }. 
Example 5. Let F (X1, X2, . . . , X6) = X151 X32 + X93 X94 + X125 X66 be a polynomial over F22 f . In this case
σ2(di) = 2 for i = 1,2,3. Cao’s result does not give any information about N(F ) since 13 + 19 + 13 −
1 0. Our result implies that 2 f divides N(F ). In [10], Heath-Brown proved that N(P ) ≡ N(Ph) mod
p f , where P is a polynomial over Fp f and Ph is the homogeneous part of P . Using this fact, we
obtain that 2 f divides N(F + G), where wp(G) < 2 and deg(G) < 18.
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